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Abstract. A general definition of Chern-Simons actions in non-commutative geometry 
^ . is proposed and illustrated in several examples. These examples are based on "space- 
■ times" which are products of even-dimensional, Riemannian spin manifolds by a discrete 
(two-point) set. If the *algebras of operators describing the non-commutative spaces are 
generated by functions over such "space-times" with values in certain Clifford algebras 
the Chern-Simons actions turn out to be the actions of topological gravity on the even- 
dimensional spin manifolds. By constraining the space of field configurations in these 
examples in an appropriate manner one is able to extract dynamical actions from Chern- 
Simons actions. 
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1. Introduction 

During the past several years, topological field theories have been the subject of a 
lot of interesting work. For example, deep connections between three-dimensional, topo- 
logical Chern-Simons theories [1], or, equivalently, two-dimensional, chiral conformal field 
theories [2], on one hand, and a large family of invariants of links, including the famous 
Jones polynomial, and of three-manifolds [1], on the other hand, have been discovered. 
Other topological field theories have been invented to analyze e.g. the moduli space of 
fiat connections on vector bundles over Ricmann surfaces or to elucidate the Donaldson 
invariants of four-manifolds. These topological field theories are formulated as theories 
over some classical (topological or differentiable) manifolds. 

Connes has proposed notions of non-commutative spaces generalizing, for example, 
the notion of a classical differentiable manifold [4]. His theory is known under the name 
of "non-commutative geometry" . Dubois-Violette [3] and Connes have proposed to study 
field theories over non-commutative spaces. In joint work with J. Lott [4], Connes has 
found a construction of the classical action of the standard model, using tools of non- 
commutative geometry, which yields a geometrical interpretation of the scalar Higgs field 
responsible for the "spontaneous breaking of the electroweak gauge symmetry". In fact, 
the Higgs field appears as a component of a generalized gauge field (connection 1-form) 
associated with the gauge group, SU(2)^ x U(l)em) oi electroweak interactions. This 
is accomplished by formulating gauge theory on a generalized space consisting of two 
copies of standard Euclidian space-time the "distance" between which is determined by 
the weak scale. Although the space-time model underlying the Connes-Lott construction 
is a commutative space, it is not a classical manifold, and analysis on space-times of the 
Connes-Lott type requires some of the tools of non-commutative geometry. 

The results of Connes and Lott have been reformulated and refined in [6,7] and ex- 
tended to grand-unified theories in [8]. In [9], G. Felder and the authors have proposed 
some form of non-commutative Riemannian geometry and applied it to derive an analogue 
of the Einstein-Hilbert action in non-commutative geometry. 

Our aim in this article is to attempt to do some steps towards a synthesis between 
the different developments just described. Some of our results have been described in our 
review paper [10]. We start by presenting a general definition of the Chern-Simons action 
in non-commutative geometry, (Section 2). Our definition is motivated by some results of 
Quillen [11] and is based on joint work with O. Grandjean [12]. In Section 3, we discuss 
a first family of examples. In these examples, the non-commutative space is described in 
terms of a *algcbra of matrix-valued functions over a Connes-Lott type "space-time'', i.e., 
over a commutative space consisting of two copies of an even-dimensional, differentiable 
spin manifold. The Chern-Simons actions on such non-commutative spaces turn out to 
be actions of topological gauge- and gravity theories, as studied in [13,14]. In Section 
3, the dimension of the continuous, differentiable spin manifold is two, i.e., we consider 
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products of Riemann surfaces by discrete sets, and our Chern-Simons action is based on 
the Chern-Simons 3-form. 

In Section 4, we consider two- and four-dimensional topological theories derived from 
a Chern-Simons action based on the Chern-Simons 5-form. 

In Section 5, we describe connections of the theories found in Section 4 with four- 
dimensional gravity and supergravity theories. 

In Section 6, we suggest applications of our ideas to string field theory [15], and we 
draw some conclusions. 



Acknowledgements . We thank G. Felder, K. Gaw§dzki and D. Kastler for their 
stimulating interest and O. Grandjean for very helpful discussions on the definition of 
the Chern-Simons action in non-commutative geometry and for collaboration on related 
matters, [12]. 



2. Elements of non-commutative geometry . 

This section is based on Connes' theory of non-commutative geometry, as described 
in [4], and on results in [9,10,11,12]. 

We start by recalling the definition of a special case of Connes' general definition of 
non-commutative spaces. A real, compact non-commutative space is defined by the data 
{A., TT, H, D), where ^ is a *algebra of bounded operators containing an identity element, tt 
is a *representation of A on , where i? is a separable Hilbert space, and D is a selfadjoiiit 
operator on with the following properties: 

(i) \D, /T(a)] is a bounded operator on if, for all a E A. [This condition determines the 
analogue of a differentiable structure on the non-commutative space described by A.] 
In the following, we shall usually identify the algebra A with the *subalgebra ^{A) 
of the algebra B[H) of all bounded operators on H\ (we shall thus assume that the 
kernel of the representation tt in ,A is trivial). We shall often write "a" for both, the 
element a of ^ and the operator 7r(a) on H. 

(ii) [D"^ -\- H)"^ is a compact operator on H. More precisely, exp(— eD^) is trace-class, for 
any e > 0. 

Given a real, compact non-commutative space {A,ti,H,D), one defines a differential 
algebra, Q.o{A), of forms as follows: 0-forms ("scalars") form a *algebra with identity, 
QPj^{A), given by Ti{A) \ n-forms form a linear space, n^(^), spanned by equivalence classes 
of operators on i/, 

0"(.4)/Awa;" , (2.1) 
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where the linear space Q'^{A) is spanned by the operators 

{J2ai[D,a\]---[D,al] : e A =7r{A), Vi,j}, (2.2) 

i 

and Aux'^, the space of "auxihary fields" [5], is spanned by operators of the form 
Aux^ := { J2[D,al,][D,a\]---[D,al] : 

i 

Y^a},[D,a\]---[D,al] = 0, a] e A} . (2.3) 

i 

Using the Leibniz rule 

[D,ab] = [D,a]b + a[D,b], a,beA, (2.4) 

and 

[D,a\* = - [D,a*], a e A, (2.5) 
we see that the spaces 0,'^{A) are ^-bimodules closed under the involution * and that 

Aux := eAux"" (2.6) 

is a two-sided ideal in 

n(A) := ©0"(^), (2.7) 

closed under the operation *. Thus, for each n, ^l'^{A) is an ^-bimodule closed under *. 
It follows that 

flDiA) := e ^oi-^) (2.8) 

is a * algebra of equivalence classes of bounded operators on H, with multiplication defined 
as the multiplication of operators on H. Since A = ^^{A) = ^1%{A) is a *subalgebra of 
floiA) containing an identity element, Qd{A) is a unital *algebra of equivalence classes 
(mod Aux) of bounded operators on H which is an ^-bimodule. 
The degree of a form a e Q'^{A) is defined by 

deg{a) = n, n = 0,1,2, ••• . (2.9) 

Clearly, deg{a*) = deg(a), by (2.4), (2.5). With this definition of deg, Qd{A) is Z-graded. 
If a is given by 

a = J2 «o[^> a\] •••[£>, a^](mod^wa;") e Q^hiA) 

i 

we set 

da := J2[D,a},][D,a\]---[D,al,]eni+\A) . (2.10) 

i 
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The map 

d : fl'l){A) a ^ da (2.11) 

is a C-hnear map from Qd{A) to itself which increases the degree of a form by one and 
satisfies 

dia-P) = {da)-p + (-l)'^''^" a- (d/3), (2.12) 
for any homogeneous element a of VtD{^) (Leibniz rule) and 

= 0. (2.13) 

Hence VtoiA) is a differential algebra which is a Z-graded complex. 

These notions are described in detail (and in a more general setting) in [4] . 

In non-commutative geometry, vector bmidles over a non-commutative space de- 
scribed by a * algebra A are defined as finitely generated , projective left ^-modules. Let 
E denote (the "space of sections" of) a vector bundle over A. A connection V on is a 
C-linear map 

V : E ^ VL]y{A) ®A E (2.14) 
with the property that (with da= [-D, a], for all a & A) 

V(as) = da ®a s + a Vs, (2.15) 

for arbitrary a e ^, s e E. The definition of V can be extended to the space 

^oiE) = noiA) ®A E (2.16) 

in a canonical way, and, for s e !)£>(£') and a homogeneous form a e Qd{A), 

V{as) = {da)s + {-if^^'^aVs. (2.17) 

Thanks to (2.14) - (2.17), it makes sense to define the curvature , -R(V), of the connection 
V as the C-linear map 

i?(V) := -V^ (2.18) 

from VLd^E) to VLd^E). Actually, it is easy to check that -R(V) is ^- linear , i.e. -R(V) is a 
tensor . 

A trivial vector bundle, E^^\ corresponds to a finitely generated, free left ^-module, 
i.e., one that has a basis {si, • • • , sjv}, for some finite N called its dimension. Then 

E^^^ ~ A®---®A = A"", 

(with N summands). The affine space of connections on E^^^ can be characterized as 
follows: Given a basis {si,--- ,Siv} of E^^\ there are N'^ 1-forms p£ e f2£,(^), the 
components of the connection V, such that 

Vs« = -pi®ASi3, (2.19) 
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(where, here and in the following, we are using the summation convention). Then 

V(a'^Sa) = da°'®ASa-a'^pi®ASi3, (2.20) 

by (2.15). Furthermore, by (2.18) and (2.20), 

i?(V)(a"sa) = - V[da'' ^ASc-a'^pi^ASp) 
= - (d^a" ®A Sa + da°'p'^ ^a s/3 
- da'^p^ ®A Sf3 - a'^dp'^ 0^ 5^3 

= a-{dpi + pZp^^)®ASp. (2.21) 

Thus, the curvature tensor -R(V) is completely determined by the N x N matrix 9 = (9^) 
of 2-forms given by 

0^ = dpi + pZp^^. (2.22) 
The curvature matrix 9 satisfies the Bianchi identitv 

d9 + p9-9p = {d9i + pZ9^ - 9Zp^^) = . (2.23) 

If one introduces a new basis 

Sa = M^sp, M^eA, a,(5 = l,---,iV, (2.24) 

where the matrix M = (M^) is invertible, then the components, p, of V in the new basis 
{si, ■ ■ ■ , Sat} of E^^^ are given by 

p = MpM-^ - dM-M-^, (2.25) 

and the components of the curvature -R(V) transform according to 

9 = M9M-^, (2.26) 

as one easily checks. 

Given a basis {si, ■ • • ,sn} of E^^\ one may define a Hermitian structure (•, •) on 
by setting 

{Sa,Sp) = ^a/jl, (2.27) 

with 

{a^sa,bf'sp) = a^{sa,sp){bf'r = ^a"(6'^)*e^. (2.28) 



5 



The definition of (•, •) can be extended canonically to iloiE^^^)., and there is then an 
obvious notion of " unitary connection " on E^-^^: V is unitary iff 

d{s,s') = {Vs,s') - (s,Vs'). (2.29) 

This is equivalent to the condition that 

P^ = W)*' (2-30) 

where the are the components of V in the orthonormal basis {si, ■ ■ • , s^} of E^^\ 

In the examples studied in Sections 3 through 5, we shall consider unitary connections 
on trivial vector bundles, in particular on " line bundles " for which = 1. A (unitary) 
connection V on a line bundle E^^^ ~ ^ is completely determined by a (selfadjoint) 1-form 
pen],{A). 

The data {A, tt, H, D) defining a non-commutative space with differentiable structure 
is also called a Fredholm module . Following [4], we shall say that the Fredholm module 
(.4, TT, H, D) is (d, cxo)-summable if 

tr{D'^ + t)~^'^ < oo, for all p >d . (2.31) 

Let Tr^{-) denote the so-called Dixmier trace on B{H) which is a positive, cyclic trace 
vanishing on trace-class operators; see [4]. We define a notion of integration of forms , j-, 
by setting 

-a := Tr^ {a\D\-'^), (2.32) 



for a e fl{A) = ©O'^(^); (see (2.2), (2.7)). If d = oo but exp {-sD'^) is trace class, for 
any £ > (as assumed), we set 



a := Lim^ —— — ^ , (2.33) 

ej,o tr(exp(— £iJ^)j 



(on forms a which are " analytic elements" for the automorphism group determined by 
the dynamics exp{itD'^),t G M; see [12]) and Lim^ denotes a limit defined in terms of a 
kind of "Cesaro mean" described in [4]. Then 



j-a(3 = j-(3a, (2.34) 



i.e., j- is cyclic; it is also a non-negative linear functional on VL{A). It can thus be used to 
define a positive semi-definite inner product on Q,{A): For a and (3 in Q,{A), we set 



{a, 13) = j-al3*. (2.35) 
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Then the closure of Cl{A) (mod kernel of (•,•)) in the norm determined by (•, •) is a Hilbert 
space, denoted by L'^{p,{A)). Given an element a e Q'^{A), we can now define a canonical 
representative, a-^, in the equivalence class a (mod Aux'^) e Cl,'^{A) as the unique (modulo 
the kernel of (■,•)) operator in a (mod Aux"') which is orthogonal to Aux^ in the scalar 
product (•, •) given by (2.35); {Aux'^ has been defined in eq. (2.3)). Then, for a and /3 in 
^d{A), we set 

(a,/?) := (a^,/3^) = j-a^{^^)\ (2.36) 

and this defines a positive semi-definite inner product on VLd^A). The closure of VLd^A) 
(mod kernel of (■,■)) in the norm determined by (•, •) is the Hilbert space of "square- 
integrable differential forms", denoted by A.d{A). 

In order to define the Chern-Simons forms and Chern-Simons actions in non-commut- 
ative geometry, it is useful to consider a trivial example of the notions introduced, so 
far. Let / denote the interval [0,1] C R. Let Ai = C°°{I) be the algebra of smooth 
functions, f{t), on the open interval (0,1) which, together with all their derivatives in t, 
have (finite) limits as t tends to or 1. Let Hi = L^{I) <8) denote the Hilbert space of 
square-integrable (with respect to Lebesgue measure, dt, on /) two-component spinors, and 
Di = i-^® ai the one-dimensional Dirac operator (with appropriate selfadjoint boundary 
conditions), where cti, (T2 and (73 are the usual Pauli matrices. A representation tti of Ai 
on Hi is defined by setting 

7ri(a) = a(g)]l2, a e Ai. (2.37) 

The geometry of / is then coded into the space (^1, tti, ffi, Di). The space of 1-forms is 
given by 

Q]j^{Ai) = {uj^ai:uj = ^a'dtb';a\b' eAi}. (2.38) 

i 

The space, O^^(^i), of 2-forms is easily seen to be trivial , and the cohomology groups 
vanish. The Fredholm module (^1, tti, i^i, Di) is Z2-graded. The Z2-grading, 7, is given 

by 

7 = (2.39) 
and [7,7ri(a)] = 0, for all a & Ai, while 

{7,L>i} = 7D1+D17 = 0. (2.40) 

Using this trivial example, we may introduce the notion of a " cvlinder over a non- 
commutative space " : Let {A, tt, H, D) be an arbitrary non-commutative space, and let 
(^1, TTi, iJi, _Di) be as specified in the above example. Then we define the cylinder over 
{A^ TT, if, D) to be given by the non-commutative space {A, tt, ff, D)^ where 

H^H^Hi, 7r = 7r®7ri, A^A^Ai, (2.41) 
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and 

5 = ]I(8)i:»i + i:»(8)7, (2.42) 
with 7 as in (2.39). The space {A., tt, D) is Z2-graded: We define 

r = a® (i®c72), (2.43) 

5i := I (g) ^2 = i:* ® 7. Then 

{r,5i} = {r,52} = {V,D} = {D,,D^} = 0, (2.44) 

and 

[r, n{d)] = 0, for aU o e A (2.45) 
It is easy to show (see [12]) that arbitrary sums of operators of the form 

dQ[De^,di\- ■ ■[De^,dn\, Si, ■ ■ ■ , En = 1, 2, (2.46) 

belong to ^1^{A). Furthermore, if two or more of the Sj's take the value 1 then the operator 
defined in (2.46) belongs to Aux^. 

We define integration, ^ (•), on [A^tt^H^D) by setting, for any a e Q,{A), 

ja := j^dt j^Trc^ait)), (2.47) 

where a{t) is a 2x2 matrix of elements of Q{A). The integral ^ (■) is positive semi-definite 
and cyclic on the algebra ^(.4). We are now prepared to define the Chern-Simons forms 
and Chern-Simons actions in non-commutative geometry, (for connections on trivial vector 
bundles). Let {A, tt, H, D) be a real, compact non-commutative space with a diffcrentiable 
structure determined by D. Let E = E^^^ ~ A'^ be a trivial vector bundle over A, and 
let V be a connection on E. By (2.19), V is completely determined by an x matrix 
P — (Pa) 1-forms. By (2.21), the curvature of V is given by the N x N matrix of 2-forms 

e = dp + p'^, 

where d is the differential on Qj:){A) defined in (2.10). Following Quillen [11], we define the 
Chern-Simons (2?i-l)-form associated with V as follows: Let Vq denote the flat connection 
on E corresponding to an A'^ x A'' matrix po of 1-forms which, in an appropriate gauge, 
vanishes. We set 

pt = tp+{l- t) Po = tp, (2.48) 

for Po = 0, corresponding to the connection Vt = tV -|- (1 — t)Vo. The curvature of Vt is 
given by the matrix 9t of 2-forms given by 

Ot = dpt + Pt = tdp + t^p^. 
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The Chern-Simons (2n — l)-form associated with V is then given by 



^'^-\p) j^^^ j\tper'. (2.49) 

For n = 2, we find 

^\P) = l{pdp+lp'}, (2.50) 

and, for n — 3, 

^'{p) = ^{pdpdp + ^p'dp + lp{dp)p' + P'}. (2.51) 

In order to understand where these definitions come from and how to define Chern- 
Simons actions, we extend E to a trivial vector bundle over the cylinder {A, tt, H, D) over 
{A,TT,H,D): We set 

E = E^C°°{I)^1L2-A^. (2.52) 

We also extend the connection V on £^ to a connection V on £■ by interpolating between 
V and the fiat connection Vq: By (2.39), (2.41) and (2.42), a 1-form in Qi^{A) is given by 



D 



(pit) m\ 

\cf>{t) -p{t))^ 
where pit) e 9}^{A) for all t G /. Thus 

P^(0 ^ _°^), a,/3 = l,---,iV, (2.53) 

is an element of 0~(^). We define V to be the connection on E determined by the matrix 

p{t) = (Pa(t)) of 1-forms defined in (2.53). Let d be the differential on 0,~{A) defined as 
in (2.10), (with A replaced by A and D replaced by D). By (2.42) 

with p = (p^). Hence the curvature of V is given by the matrix of 2-forms 9, with 

e{t) = 6't®l2+p®cT2, (2.55) 

where 

= tdp + t^p^. 

Let e be an arbitrary bounded operator on H commuting with D and with all operators 
in -K^A). Then, 
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commutes with D and with 7r{A) and hence with fl{A). It also commutes with the Z2- 
grading F = II (8) (I (8) (72), (as defined in (2.43)). We now define a graded trace Te{-) on 
^1{A) by setting 

r^(a) := j {eTa), a e f](J), (2.56) 
where ^ (•) is given by (2.47). It is easy to show that 

Te{a) = if deg a is odd, (2.57) 

and 

Te([a, /?]*)= 0, foralla,/? in n(^), (2.58) 

where 

is the graded cummutator. 

Using the Bianchi identity, 

de"" + [p, e""] = 0, 

which follows from eq. (2.23) by induction, and the graded cyclicity of Tg (see (2.57), (2.58)) 
one shows that 

r,((n^) = n\T4{M^^-Hp})^), (2.59) 

where is the canonical representative in the equivalence class a (mod Aux"^) G Q'~{A) 
orthogonal to Aux"^^ for any m = 1, 2, ■ ■ ■ , (as explained after eq. (2.35)). The calculation 
proving (2.59) is indicated in [11]; (see also [12] for details). In fact, eq. (2.59) is a general 
identity valid for arbitrary connections on trivial vector bundles over a non-commutative 
space and arbitrary graded traces [11]. 

In the case considered here, the l.h.s. of eq. (2.59) can be rewritten in the following 
interesting way: 

Te((r)^) = j\tj-TTc^{eV{r{t))^) 

= n dt^Trc2((£®l2)r(p®c72)(6T^®l2)). (2.60) 

This is shown by plugging eq. (2.55) for 6{t) into the expression in the middle of (2.60) and 
noticing that (1) all terms contributing to 6^{t) with more than one factor proportional to 
[I?i, a], i.e., with more than one factor of the form p ® cr2, are projected out when passing 
from e''{t) to (e''{t))^, (see the remark following eq. (2.46)), and (2) Trc^{{e ® I2) T 
(^- ® I2)) = 0. 
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Evaluating the trace, Trca, on the r.h.s. of (2.60) and recaUing the definition (2.49) 
of the Chern-Simons form, we finally conclude that 

= 2n\ y^(£(i?2^-^(p))^). (2.61) 
Remark . The r.h.s. of (2.59) can actually be rewritten as 

n! ^Trc2(]I®cT3(^''^-^(p(l)))^); 

see [12]. 

Chern-Simons actions , Is, in non-commutative geometry are defined by setting 

/^-^(p) := n-f{e{^'-\p))^), (2.62) 

where k is a constant. Using (2.50) and (2.51) and using the properties of e and the 
cyclicity of we find 

m = ^-fieipdp+lpY), 

and 

I^ip) = ^ -f{s{pdpdp+^p'dp+^p')^). (2.63) 

A particularly important special case is obtained by choosing the operator e to belong to 
0,{A). Since s commutes with D and with 7r(^), this implies that s belongs to the centre of 
the algebra fl{A). In the examples discussed in the remainder of this paper, this property 
is always assumed. 

One point of formula (2.61) and generalizations thereof, discussed in [12] (and involv- 
ing "higher-dimensional cylinders"), is that it enables us to define differences of Chern- 
Simons actions even when the underlying vector bundle is non-trivial . If Vq denotes a fixed 
reference connection on a vector bundle E over a non-commutative space {A, 7r,H,D) and 
V is an arbitrary connection on E we set 

^(£(7?2"-i(V))^) := T,((r)^) + const., (2.64) 

where 9 is the curvature of a connection V on a vector bundle E over the cylinder 
{A,TT, H, D) interpolating between V and Vq, and the constant on the r.h.s. of (2.64) 
is related to the choice of V and of the Chern-Simons action associated with Vq- 

Formulas (2.62) and (2.64) are helpful in understanding the topological nature of 
Chern-Simons actions. 
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Next, we propose to discuss various concrete examples and indicate some applications 
to theories of gravity. 



3. Some "three-dimensional" Cherii-Simoiis actions . 

We consider a "Euclidean space-time manifold" X which is the Cartesian product of a 
Riemann surface M2 and a two-point set, i.e. X consists of two copies of M2. The algebra 
A used in the definition of the non-commutative space considered in this section is given 

by 

A = C°°(M2) ® A, (3.1) 

where Aq is a finite-dimensional, unital *algebra of M x M matrices. The Hilbert space 
H is chosen to be 

H = Ho® Ho, (3.2) 

where 

Ho = ® l2(5) (8) C^, (3.3) 

and LP'{S) is the Hilbert space of square-integrable spinors on M2 for some choices of a 
spin structure and of a (Riemannian) volume form on M2. 
The representation tt oi Aon H is given by 

for a & A. 

We shall work locally over some coordinate chart of M2, but we do not describe how 
to glue together different charts (this is standard), and we shall write "M2" even when 
we mean a coordinate chart of M2. Let g = (g^i,) be some fixed, Riemannian reference 
metric on M2, and (e^) a section of orthonormal 2-frames, iJi,a= 1,2. Let 7^,7^ denote 
the two-dimensional Dirac matrices satisfying 

{7% 7^} = 7V + 7V = 25«^ (3.5) 

and 

7' = 7'7'- (3.6) 

The matrices H^v ® 7" will henceforth also be denoted by 7". Let ^ denote the covariant 
Dirac operator on 'C^ ®LP'{S) corresponding to the Levi-Civita spin connection determined 
by (e^) and acting trivially on C"^. Let K denote an operator of the form 

K = /col® I, (3.7) 
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where k is some real, symmetric N x N matrix. The vector space and the matrix k do 
not play any interesting role in the present section but are introduced for later convenience. 
Let 00 be a hermitian M x M matrix Im)- The operator D on H required in the 
definition of a non-commutative space is chosen as 

Then ( locally on M2) the space of 1-forms, fl]-,{A).i (the "cotangent bundle") is a free, 
hermitian ^-bimodule of dimension 3, with an orthonormal basis given by 

= (^°®I« „ » ], a =1,2, (3.9) 

and 

V7^®Im y ^ ^ 

and the hermitian structure is given by the normalized trace, tr, on MAr(C)(8) Cliff. Then, 
for a,b = 1, 2, 3, 

We define a central element e G fl^{A) by setting 

e = eW = \ ly (3.11) 

It is trivial to verify that e commutes with the operator D and with n{A), and, since £^ 
and belong to fl^{A), e belongs to VL^{A). 
A 1-form p has the form 

p = ^7r(a^)[L»,7r(6^)], ,W e A, (3.12) 

and, without loss of generality, we may impose the constraint 

^a^V = I. (3.13) 
i 

Then 

where A = J2j a^{^V), and + 0o = Hat (Ej a^oV). The 1-form p given in (3.14) 
determines a connection, V, on the "line bundle" E A. The three-dimensional Chern- 
Simons action of V is then given by 



II{P) - \ -f{e{pdp+lpY) 



= lTT^{e{pdp+ Ip')^D-^), (3.15) 
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as follows from eqs. (2.63) and (2.32); (the Fredholm module {A,7r,H,D) is (2, oo)- 
summable!). 

In order to proceed in our calculation, we must determine the spaces of "auxiliary- 
fields" Aux"^, for n = 1, 2, 3. Clearly Aux^ = 0. To identify Aux'^, we consider a 1-form 

Then 

dp = J][i?,7r(a^)][l^,7r)6^)] 
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i^^^i^Kid^cj) + A^(f>o - (f>oA^\ \ l^'d^A, + X 

where X = Ijv ® aW^d^V) + d^A/j, is an arbitrary element of Hat ® A., and 7'^'^ := 
[7'^, 7^]. Hence 

Aux'^ ~ 7r{A). (3.16) 
Next, let 7] e n'^{A). Then one finds that 

where X^ and X are arbitrary elements of ]Ijv<8).4. Thus, in a 3-form terms proportional 
to 7'^(8)]Im in the off-diagonal elements and terms proportional to ^^K®1.m in the diagonal 
elements must be discarded when evaluating d-^. 

Next, we propose to check under what conditions the Chern-Simons action /|(p) is 
gauge-invariant. In eq. (2.25) we have seen that, under a gauge transformation M e 7r(^), 
p transforms according to 

p^p ^ MpM-^ - {dM)M-^ = g-^pg + g-^dg, (3.18) 

with g = M~^. From this equation and the cyclicity of "integration", we deduce 

that 

^ j-{e{dg-^pdg + g-Hpdg-^- {g-Hgf]^). (3.19) 
The second term on the r.h.s. of (3.19) is equal to 

dvol tr {e{[D, g'^D, g] + g~^dp[D, g] 

Ma 

-\{g-'[D,g])Y)- (3.20) 
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Here, and in the following, tr{-) denotes a normalized trace , (tr(ll) = l). A straightforward 
calculation shows that 

^ '^J \-i^^K{4>og-g4>o) ^9 J' ^ ^ 

and expression (3.20) is found to be given by 

-itrK / d/^tr [gr" V^i/fif + ^i/(</'o - #0^"^) 

- {gd,g-^4>Q + g-^d,g4>o)] dx^ A dx\ (3.22) 
which vanishes if dM2 = (j) (i-e., M2 has no boundary). 

Remark . Had we considered a more general setting with A — C"^{M2) Ai ® 
C°°{M2)<^A2, where Ai and A2 are two independent matrix algebras, and 7r(a) = Ijv (8)a, 
for a E A, then, with e chosen as above, Ig{p) would fail to be gauge-invariant. 

Thus the condition for /|(p) to be gauge-invariant is that dM2 = (p and that the 
non-commutative space is invariant under permuting the two copies of M2 (of the space 
Xc), i.e., the elements of niA) commute with the operator e defined in (3.11). 

Under this condition one finds, after a certain amount of algebra, that 

/3(p) = in f tri^F), (3.23) 

where 

$ = K(0 + 0o), 

and 

F = {d^A^ - d^A^ + [A,,, A^]) dx^" A dx". (3.24) 

We note that /|(/o) is obviously gauge-invariant and topological, i.e., metric-independent. 
Since the "Dirac operator" D depends on the reference metric g on M2, the metric- 
independence of /g is not, a priori, obvious from its definition (3.15). 
Let us consider the special case where 

Ao = M3(K), (3.25) 

the algebra of real 3x3 matrices. Then 

I'M ^ in f (J2 ^^fA dx^ A dx^ (3.26) 

where F^^ = d^j,A^ - d^A^ + e^^^ Ay^ ^ A^^ ^, with A = a, 3, a = 1.2. Setting 

= e;, Al ^ I < Sab ^ (3.27) 
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one observes that the action is the one of two-dimensional topological gravity intro- 
duced in [13]. Varying /| w.r. to one obtains the zero-torsion and constant-curvature 
conditions: 

b 

^^"F^. = I e^^Rf^eab = I e^'' {d^u, + 2 Sab el) = 0. (3.28) 

Variation of /| with respect to implies that is covariantly constant, i.e., 

= d^^^ + e^^^A^^^ = 0. (3.29) 

The space of solutions of (3.28) and (3.29) is characterized in [13]. 

These results suggest that the study of Chern-Simons actions in non-commutative 
geometry is worthwhile. 



4. Some "five-dimensional" Chern-Simons actions . 

In this section, we consider non-commutative space {A, n, H, D) with "cotangent bun- 
dles" Vt\){A) that are free, hermitian ^-bimodules of dimension 5, and we evaluate the 
"five-dimensional" Chern-Simons action, Ig{p), defined in eq. (2.63), for connections on 
the "line bundle" E = E^^^ ~ A. We shall consider algebras A generated by matrix-valued 
functions on Riemann surfaces or on four-dimensional spin manifolds. We start with the 
analysis of the latter example. 

(I) We choose X = M4 x {— 1, 1}, where M4 is a four-dimensional, smooth Riemannian 
spin manifold. The non-commutative space (.4., tt, H, D) is chosen as in Sect. 3, except that 
M2 is replaced by M4, the 2x2 Dirac matrices 7^, 7^ are replaced by the 4x4 Dirac matrices 
7^5 7^7 7^7 7"^? and 7^ = 7^7^7^7^. The definition of the "Dirac operator" D is analogous 
to that in eq. (3.8). 

An orthonormal basis for ri)^(.A) is then given (locally on M4) by 

^ (r^^M \ ^1... 4 ,5^/ 7^®1Im\ (4^. 

^ 1^ r^iMj' ' ' ' v-7'®im 7' ^^-'^ 

and 

e = e'e^e'e'e' = ( , (4.2) 

similarly as in (3.11). 
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Again, we must determine the spaces Aux'^, n= 1, 2, 3, 4, 5, of "auxiliary fields" . The 
most important one is Aux^. To determine it, let us consider a vanishing element 77 of 
Q'^{A) and compute drj, as given by eq. (2.10). After a certain amount of labouring one 
finds that 

Hn\ = J ^'^'"^M-P + 7^^'^^ + Y^^)^ ilHr^KX^, + K^X + KY) \ 

U=o -i^^^i^-KX^,, + K^X + KY), -i^^'fX^.p + T'^li^'X^ + 1^.) )' ^ ' 

where X^^p, X^^, X^, X, Y^ and Y are arbitrary elements of II at (8) A, and 7''^'' = S 

sig (^^g) 7"7^7^. By (4.3), the passage from an element G O^(^) to i?-*- amounts to 
discarding all terms proportional to 7^^'' ® Im, i^^7'^ ® Hm and 7^ ® Im from off'-diagonal 
elements of -d and all terms proportional to ^7^7^'^ (g) Ijvf, i^"^7^ ® Im and ^7^ ® Hm 
from the diagonal elements of Now we start understanding the useful role played by 
the matrix K. 

It is then easy to evaluate /| (p) , with p given by 

P= (_J.. '^T^V -4 = ,M„. (4.4) 



-i^^Kcj) A 
Using eq. (2.63), the result is 

Il{p) = ^^ [ rr($FAF), (4.5) 

where $ = K{(f) + (j)Q), and F = F^i,dx^^ /\dx^ , with F^j^ the curvature, or field strength, of 
A^j_. Provided that 5M4 = 0, /| is gauge-invariant and topological (metric- independent), 
as expected. The field equation obtained by varying /| w.r. to $ is 

Setting $ to a constant, /| turns out to be the action of four-dimensional, topological 
Yang-Mills theory [16] before gauge-fixing. 

(II) We choose X = M2 x {—1,1} and A, tt and H as above, but the operator D is 
given by 

D = ( ^ ^ (4 7) 

where ^ = •y^di +7^92, and a = 3,4,5. The matrices 7^,-- - ,7^ are antihermitian 
4x4 Dirac matrices, and, only in this paragraph , 7^ = i7^7^7^7'^, so that 7^ is now 
antihermitian, too, rather than hermitian (as in the rest of this paper). Locally on M2, 
the cotangent bundle Q\){A) is a free, hermitian ^-bimodule of dimension 5, with an 
orthonormal basis given by 

(4.8) 
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and e is taken to be 



(4.9) 



A 1-form p = 7r{a^) [D, 7r(6^)] has the form 

with A = J2j ci^^V and 0^ + 0oa = Z^j o-'^oa^ - Evaluating dp as in eq. (2.10), one finds 
that 

(4.11) 

where 

Lap = 0Oa0/3 + 0a0O/3 + [^^ , 0Oa0O/3], 

j 

i 

and 

= 5p</'a + ^M<^Oa - '/'Oa^p- (4.12) 

For simphcity we assume that 

[00a, 00/3] = 0, and 00a 00 = 1- (4-13) 

Since we may assume that ^a^V = 1, wc then have that L^/s = 0oa0/3 +0000/3, for -^[a/3] 
and L^" appearing in (4.11), which is not an auxiliary field. A tedious calculation then 
yields the formula 

J Ms 

- 0Oa-D°0/3-D°07 + AiJ,Laf3D°(f).y + Afj,Dl4>aLp^ 

3 3 

+ 2 ^oc^tJ'^^^M + 2 0a0/307^M^'^ 

- 2 ^M0Q;^i^-t'/37 + 2 ^M^'^0a-^/37 

3 3 

- 2 0a-4p0;3^°07 + 2 0a0/3^p^°07 

3 

+ 2 ^M0a0/3-D° + 3 A^A^4>a4>l34>l 

- 3 0aA^0^A^0^] d^x. (4.14) 
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If dM2 = 0, and after further algebraic manipulations, the action (4.14) can be shown to 
have the manifestly gauge-invariant form 

+ 2 $a$^$^ {df,A, + Af,A,)] dx^ A dx'', (4.15) 

where = -f^(0a + (f>Oa)- 

If the constraints (4.13) are not imposed then one must explicitly determine Aux^, in 
order to derive an explicit expression for /|. The result is that (4.15) still holds. 

It is remarkable that all the Chern-Simons actions derived in eqs. (3.23), (4.5) and 
(4.15) can be obtained from Chern-Simons actions for connections on vector bundles over 
classical, commutative manifolds by dimensional reduction . For example, setting M3 = 
M2 X and (f) := A3, and assuming that Ai, A2 and A^ are indpendent of the coordinate 
(angle) parametrizing S^, we find that 

I^{A) = in' I tr {AAdA + \AAAAA) 

= in' I tr (0 F), (4.16) 

J Ml, 

where F = [diA2 — 92^1 + [Ai,yl2]) dx^ A dx"^ . Setting k' = k trK, (4.16) reduces 
to (3.23). Similarly, reducing a classical, five-dimensional Chern-Simons action to four 
dimensions, with M5 = M4 x S"^, results in 

I^{A) = IK I tr {AAdAAdA+ - AAAAAAdA 
Jmb 2 
3 

+ - aaaaaaaaa) 
5 

= i— [ trUFAF), 
4 Jm^ 

with (f) := A^, and Ai,--- ,^5 independent of the angle parametrizing S^. Thus we 
recover (4.5). Finally, dimensionally reducing I^{A) to a two-dimensional surface (setting 
M5 = M2 X 5^ X 5^ X 5"^) reproduces the action (4.15). 

The advantage of the non-commutative formulation is that it automatically eliminates 
all excited modes corresponding to a non-trivial dependence of the gauge potential A on 
angular variables. 
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5. Relation to four-dimensional gravity and supergravity . 

Chern-Simons actions are topological actions. In order to obtain dynamical actions 
from Chern-Simons actions, one would have to impose constraints on the field configuration 
space. In this section, we explore this possibility. As a result, we are able to derive some 
action functionals of four-dimensional gravity and supergravity theory. 

We propose to impose a constraint on the scalar multiplet $ appearing in the Chern- 
Simons action (4.5). The non-commutative space {A,7r,H, D) is chosen as in example (I) 
of Sect. 4; (see also Sect. 3). Let us compute the curvature 2-form, 

e = (c^p + pV, 

of a connection V on the line bundle E A given by a 1-form p as displayed in eq. (4.4). 
Then 

(5.1) 

where {K'^)^ = K^-{tr K^)!; (recall that tr{-) is normalized: tr(I) = 1). The appearance 
of (K^)'^ is due to the circumstance that when passing from dp + p^ to {dp + p^)-^ terms 
proportional to Hat must be removed. Let ptr{-) denote the partial trace over the Dirac- 
Clifibrd algebra. Then 

ptr{d) = (kV((0 + 0o)'-0^), (5.2) 
and we shall impose the constraint 

ptr (9) = 0. (5.3) 

Choosing (f)Q to satisfy 0q = I, and renaming 4> + 4>o to read 0, the constraint (5.3) becomes 

0' = I, (5.4) 

provided (K^)^ ^ 0. 

As our matrix algebra (see eq. (3.1)) we choose 

Ao = real part of Cliff (^O (4)). (5.5) 

We propose to show that, for this choice of and assuming that the constraint (5.4) is 
satisfied, the Chern-Simons action (4.5) is the action of the metric-independent (first-order) 
formulation of four-dimensional gravity theory. 

Let Fi, • • ■ , r4 denote the usual generators of (i-e., 4x4 Dirac matrices in a real 
representation), and = rir2r3r4. Then 

{Ta,Tf,} = -25ab, K = -Ta, a, 6 - 1, ■ ■ ■ , 4, 
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and = Fs. A basis for is then given by I4, F^, a = 1, • • • , 4, F5, Tab, a,,b = 1, • • • ,4, 
and F0F5. For a 1-form p as in eq. (4.4), we may expand the gauge potential A and the 
scalar field in the basis of ^0 just described: 

A = r Kl + A-^K + <r,6 + 4F5 + AfTaF,), (5.6) 

and 

cf> = (0°1I + 0«F, + r'Tab + (P'r, + ^'^^r.Fs) . (5.7) 

In this section, we only consider unitary connections on = E^^^ ~ A; see eq. (2.29). By 
(2.30), this is equivalent to hermiticity of p. This implies that 

and 

/ = = -0^, = -0^, (j)^ = = (5.9) 

where z denotes the complex conjugate of z. Since ^0 is chosen to be real, the coefficients 
of A and should be chosen to be real. It then follows from (5.8) and (5.9) that 

A = 7'^(^^Mra + ^<r,5) (5.10) 

and 

= ^o + ^^Fs + ^'^^F.Fs, (5.11) 

where we have set A'^ =: e^, and =: j u^^ , and is the Planck scale. 
Imposing the constraint that tr^^{ep) — implies that 

/ = 0. (5.12) 

Constraints (5.12) and (5.4) then yield the condition 

+ (0"^)2 = 1. (5.13) 

Under a gauge transformation M = g^, p transforms according to 

p ^ MpM-^ - {dM)M-\ M e n{A), 

see (2.25), which implies the transformation law 

^ g-^cl>g, ^ = exp ^ (A«F« + A'^^'F.b) , (5.14) 
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where A'* and A'*'' are smooth functions on M4. The infinitesimal form of (5.14) reads 

5(j)^ = - ^A'*(^'*^ 

a 

Scj)""^ = -A"0^ -^A"V^ (5.15) 

6 

From this it follows that, locally, we can choose a gauge such that 

(j)""^ = 0. (5.16) 
In this gauge, the constraint (5.13) has the solutions 

0^ = ±1. (5.17) 

The action (4.5) then becomes 

/|(p) ^ ±k [ (TsFAF), (5.18) 

(with k = i^, in the notation of Sect. 4). Next, we expand the field strength F^jy in our 
Clifford algebra basis which yields 

F,. = ^ f;^ Ta + 1 f;1 r„b, (5.19) 

where 

F;. = + a;« , - (/X ^ iv), (5.20) 

F;t = Q^^f^^lc^'^ k el el - iix^v), (5.21) 

and the indices a, 6, • • • are raised and lowered with the flat metric rjah = —^ab- 

The only non- vanishing contribution to (5.18) comes from the trace triV^Tab^cd) = 
^abcdi ctnd /| is found to be given by 

l! = ±k [ Sabcd {Rtu + 4 ei) {Rf^ + A d) 

X dx^ A dx" A dxP A dx'^ , (5.22) 

where 

= ujf + u;%u;t' - if^^i^). (5.23) 

Interpreting cu^'' as the components of a connection on the spinor bundle over M4, i?^^ 

are the components of its curvature, and F^^^ are the components of its torsion, as is well 
known from the Cartan structure equations. 
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Setting the variation of /| with respect to uj'^ to zero, we find that the torsion of uj 
vanishes: 

F^^ = 0, for all /i, and a. (5.24) 
If the frame (e^) is invertible, (5.24) can be solved for a;^'': 



ah 



1 



where 



^/xaf) ^ab/i + ^b/Lta) ) (5.25) 



Substituting (5.25) back into (5.22) yields a functional that depends only on the metric 

9^lv = ej.a, (5.26) 

and is given by 

J Mi 

16 ^ 96 n , 

+ (5-27) 

where R^upa is the Riemann curvature tensor, R^^ is the Ricci tensor, and R is the scalar 
curvature determined by the metric g^^ given in (5.26). The term in round brackets on the 
r.h.s. of (5.27) yields the topological Gauss-Bonnet term for M4, the second term yields 
the Einstein-Hilbert action, and the last term is a cosmological constant. 

Next, we show how to derive a metric-independent formulation of four-dimensional 
supcrgravity from the action /| given in eq. (4.5). For this purpose we choose the algebra 
vAo in (3.1) to be a graded algebra [18]: 

Ao = real part of SU(4 | 1). (5.28) 

This algebra is generated by graded 5x5 matrices preserving the quadratic form 

(7?«)* Caf3 - z* z, (5.29) 

where C^^ is an antisymmetric matrix and is a Dirac spinor. At this point, one must 
note that we are leaving the conventional framework of non-commutative geometry, since, 
for ^0 as in (5.28), the algebra A is not a *algebra of operators. But let us try to proceed 
and find out what the result is. 

Let p be a 1-form as in eq. (4.4). Then the matrix elements and of p have the 
graded matrix representation 
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and 

The reality conditions for ^ and imply that Aq, and 'i/;^Q, are Majorana spinors: 
Furthermore, one finds that 



and 



and 



= 0. 

We shall now impose the constraints 

Str {e p) = 0, (5.33) 
Str {9) = 0, (5.34) 

Str {^e {pdp + |p')^) = 0, (5.35) 

along with Str 4% = I7 and Str (jiQ — 0. Here Str{-) denotes the graded trace on ^o- 
Renaming cf) + cpo to read (p, these constraints imply that 

n° = Hi, (5.36) 

- ^ + 4((n^)2 - J](n«5)2) + aa = i, (5.37) 

a 

and 

{K^)^ Str{(t)^) = 0, (5.38) 

where {K^)~^ is defined so as to satisfy tr(^K{K^)-^^ = 0. 

In order to determine the dynamical contents of a theory with an action /| given by 
(4.5), ^0 as in (5.28) and constraints (5.36) through (5.38), it is convenient to work in a 
special gauge, the unitary gauge. Consider a gauge transformation 
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where = ^ (^A°'Ta+A°'''Tab)^- The transformation law of is then given by i— > ^ -^0^. 
From this we find the infinitesimal gauge transformations of the fields 11 and A: 



2 

<^ A« = (-^ Hi + n^Fs + n«^r„r5)£a - \ (A«r, + A«T„,)f x^. 



(5.40) 



Thus, locally, we can choose the gauge 

n**^ = 0, and \a = 0. (5.41) 
The constraints (5.37) and (5.38) then reduce to 

5\2 1 



--nf + 4(n^) 

5 

16 



ni(-4n2 + (n^)2) = o. (5.42) 



These equations have the solutions 



2 

and 



Hi = 0, = ± (5.43) 



Hi = ± V2, = ±y^. (5.44) 

We further study the first solution. Inserting it into the action (4.5), we arrive at the 
expression 

II = ±^j^ Str (^(^^^ °^ i^p.Fpa) dxi" A dx"" A dxP A dx% (5.45) 



where 



with 



2k 

(/X ^ zy). (5.47) 
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After some further manipulations and evaluating all the traces, one obtains the elegant 
result that the action reduces to that proposed in [17], namely 



It = ±k 



M4 



^ —lab Tried 



X dx^ A dx"" A dxP A dx'' , (5.48 ) 



where a is some constant introduced for later convenience, but here a = 1. Substituting 
eqs. (5.47) into (5.48), one obtains that 



+ (VS^r^'^Vi^) (V^pF'^'^Va)] dx^ A dx"" A dxP A dx" 
1^ JM4 

+ Aan / {D^'4)j,)T^ (Dpipa) dxf" A ■ ■ ■ A dx" 
+ Aa {ip^r^r^ Dpipa) dxf^ A---A dx" 

J Mi 

+ — f d''x^i;^T^^i;, + ^ [ d^x^], (5.49) 

1^ JMi ^ JM4 J 



where 



1 ,ab 



= d^i/;^ + - io^' Tab i^u. 

After Fierz reshuffling, the term quartic in the gravitino field t/^^ disappears. The remain- 
ing terms describe massive supergravity with a Gauss-Bonnet term. It is an interesting 
fact that the action (5.48), with a = 2 (!), is invariant under the same supersymmetry 
transformation obtained form the variation of n(p), except for Suj'^'^ which is chosen to 
preserve the constraint [18]: 

V = 0- (5-50) 
The supersymmetry transformations can be read by substituting (5.10) into eq. (3.18): 

SiP^ = {d^+^ a;^^r„fe + ^ e;r„)£, (5.51) 



and, for F^^ and ipp,,^, they are 



5 Ff, = K er"V^„ 

= -\F;l{Tabe). (5.52) 
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When q: = 2 the action (5.48) becomes invariant under the transformations (5.51) with 
the constraint (5.50), and the action corresponds to de Sitter supergravity where the 
cosmological constant and the gravitino mass-hke term are fixed with respect to each 
other. In this case the action (5.48) simphfies to 



Isg 



JM4 ^ 

+ Ajd'xe (e^ e,- R^f + ^ V'm ^^"^'^ + • (5-52) 



The first term in (5.52) is a topological invariant and can be removed from the action 
without affecting its invariance. After rescaling 



Isg ^ 8r2/,g (5.53) 



and taking the limit r — > the action (5.52) reduces to that of A'"=l supergravity [19]: 



~ ' 2«2 



^/ d^xee^e^R^^- [ d^'x s^^p^ i^^T^T^Dpi:,. (5.54) 

1^ Jm4 JMi 



The significance of the constraint (5.50) and the choice ct = 2 in the non-commutative 
construction is not clear to us. It would be helpful to better understand this point. 

If we had worked instead with the solution (5.44), then additional terms which are 
dynamically trivial will be present. We shall not present the details for this case. 



6. Conclusions and outlook . 

In this paper, we have shown how to construct Chern-Simons forms and Chern-Simons 
actions in real, non-commutative geometry; (more detailed results will appear in [12]). We 
have illustrated the general, mathematical results of Sect. 2 by discussing a number of ex- 
amples. These examples involve non-commutative spaces described by *algebras of matrix- 
valued functions over even-dimensional spin manifolds. As expected, the Chern-Simons 
actions associated with these spaces are manifestly topological (metric-independent). By 
imposing constraints on the field configurations on which these action functionals depend 
(and choosing convenient gauges) we have been able to derive the metric-independent, first- 
order formulation of four-dimensional gravity theory from a Chern-Simons action over a 
"five-dimensional" non-commutative space. By extending the mathematical framework, 
formally, to allow for graded algebras, we have also recovered an action functional for 
supergravity. 
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It would appear to be of interest to study Chern-Simons actions for more general 
non-commutative spaces, e.g. those considered in [8], and to derive from them theories 
of interest to physics. In this regard, one should recall that a rather profound theory 
has the form of a Chern-Simons theory: Witten's open string field theory [15]. We are 
presently attempting to formulate that theory within Connes' mathematical framework of 
non-commutative geometry, using a variant of the formalism developed in Sect. 2. 

On the mathematical side, it appears to be of interest to better understand the topo- 
logical nature of Chern-Simons actions over general non-commutative spaces, to under- 
stand the connection between the material presented in Sect. 2 and the theory of char- 
acteristic classes in non-commutative geometry and cyclic cohomology, see [3,10], and, 
most importantly, to learn how to quantize Chern-Simons theories in non-commutative 
geometry, in order to construct new topological field theories. 
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